We study the dual Higgs mechanism induced by monopole condensation based on the dual gauge formalism in the maximally abelian (MA) gauge in the lattice QCD. To examine "monopole condensation" in QCD, we study the monopole part or the monopole-current system appearing in the MA gauge by extracting the dual gluon field B µ . First, we investigate the inter-monopole potential using the dual Wilson loop in the lattice QCD simulation. In the monopole part in the MA gauge, the inter-monopole potential is found to be flat, and can be fitted as the Yukawa potential in the infrared region.
I. INTRODUCTION
Quantum chromo-dynamics (QCD) is the fundamental theory of the strong interaction and exhibits the interesting phenomena such as color confinement and dynamical chiralsymmetry breaking (DχSB) [1] [2] [3] [4] [5] [6] [7] . The QCD Lagrangian has the SU(N c ) local symmetry and is described by the quark field q and the gluon field A µ as
where G µν denotes the SU(N c ) field strength G µν ≡ 1 ie
[D µ , D ν ] with the covariant-derivative operator D µ ≡ ∂ µ + ieA µ [1] . In QCD, the asymptotic freedom is one of the most important features in QCD [1] [2] [3] , and the QCD gauge-coupling constant e becomes small in the ultraviolet region. On the other hand, in the low-energy region, the gauge-coupling constant e becomes large, and there arise the nonperturbative-QCD (NP-QCD) phenomena like color confinement and DχSB corresponding to the strong-coupling nature. These NP-QCD phenomena are extremely difficult to understand in the analytical manner from QCD and have been studied by using the effective models [6] or the lattice QCD simulation [7] .
In the lattice formalism, space-time coordinates are discretized with the lattice spacing a, and the theory is described by the link variable U µ (s) ≡ e iaeAµ(s) ∈ SU(N c ). For instance, the standard lattice action is given as
Recently, the lattice QCD simulation has shed light on the confinement mechanism in terms of the dual-superconductor picture, which was first proposed by Nambu,'t Hooft and
Mandelstam in the middle of 1970's [8] [9] [10] . In this scenario, quark confinement can be understood with the dual version of the superconductivity. In the ordinary superconductor, the Meissner effect occurs by condensation of the Cooper-pair with the electric charge [11] .
Consider existence of the magnetic charges with the opposite sign immersed in the superconductor, then the magnetic flux is squeezed like a tube between the magnetic charges, and the magnetic potential between them becomes linear as the result of the Meissner effect [11] . On the other hand, the confinement force between the color-electric charge is characterized by the universal physical quantity of the string tension σ = 0.89 ∼ 1 GeV/fm, which is evaluated from the Regge trajectory of hadrons and the lattice QCD simulations. This string tension is brought by one-dimensional squeezing of the color-electric flux in the QCD vacuum [25] . In the dual-superconductor scenario [8] , the QCD vacuum is assumed as the dual version of the superconductor, and the dual Meissner effect brings the one-dimensional flux tube [12] between the quark and the anti-quark, which leads to the linear confinement potential [4] [5] [6] [7] [8] 13 ].
The dual Higgs mechanism, however, requires "color-magnetic monopole condensation"
as the dual version of electric condensation in the superconductor, although QCD dose not include the color-magnetic monopole as the elementary degrees of freedom. On the appearance of magnetic monopoles from QCD, 't Hooft showed that QCD is reduced to an abelian gauge theory with magnetic monopoles by taking the abelian gauge, which fixes the partial gauge symmetry SU(N C )/U(1) Nc−1 through the diagonalization of a gauge-dependent variable [14] . Here, the color-magnetic monopole appears as the topological object corresponding to the nontrivial homotopy group π 2 (SU(N c )/U(1)
Recent lattice QCD studies show abelian dominance [15] , which means that NP-QCD phenomena like confinement [18, 19] and DχBS [20, 21] are almost described only by the diagonal gluon component in the maximally abelian (MA) gauge [16, 17] . The MA gauge is a sort of the abelian gauge where off-diagonal gluon components are minimized by the gauge transformation. In the MA gauge, physical information of the gauge configuration is maximally concentrated into the diagonal gluon component. As for the NP-QCD phenomena, QCD can be well approximated by the abelian projected QCD (AP-QCD), which is the abelian gauge theory extracted from QCD in the MA gauge by removing the off-diagonal gluon [16, 17] .
AP-QCD includes not only electric currents j µ but also magnetic currents k µ , and can be decomposed into the photon part and the monopole part corresponding to the separation of j µ and k µ , respectively [22, 23] . In other words, AP-QCD consists of the two parts. The photon part of AP-QCD (photon-projected QCD) is the abelian gauge theory only with electric currents j µ like the ordinary QED. On the other hand, the monopole part of AP-QCD (monopole-projected QCD) only includes monopole currents k µ . The lattice QCD studies show monopole dominance, which means that NP-QCD phenomena are almost described only by the monopole projected QCD [20, [23] [24] [25] [26] [27] . In particular, the lattice QCD simulation numerically shows that the monopole current k µ is responsible for the electric confinement and j µ does not contribute to it in the MA gauge [23] [24] [25] . Since we are interested in the infrared physics such as confinement and its mechanism in the QCD vacuum, we discard the off-diagonal gluon and the photon part in the MA gauge as the irrelevant ingredients, because they do not contribute to the quark confinement. Then, we concentrate ourselves on the monopole part in the MA gauge for the study of the confinement mechanism.
Then, the remaining problem is whether "monopole condensation" occurs in the QCD vacuum or not. In this paper, we perform the SU(2) lattice QCD simulation in the MA gauge, and extract the monopole current k µ as the relevant degrees of freedom for confinement.
Then, we numerically derive the dual gluon field B µ from k µ [28, 29] , and investigate the effective-mass acquirement of the dual gluon B µ in the QCD vacuum by examining the inter-monopole potential and the dual gluon propagator.
II. ABELIAN PROJECTION AND MONOPOLE PROJECTION IN THE LATTICE QCD FORMALISM
A. Abelian-Projected QCD in the MA gauge
Recent studies with the lattice QCD Monte Carlo simulation have revealed the abelian dominance and the monopole dominance in the maximally abelian (MA) gauge for the nonperturbative QCD (NP-QCD) phenomena such as confinement, dynamical chiral-symmetry breaking and instantons [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . In the SU(2) lattice formalism, the MA gauge fixing is achieved by maximizing
by the SU(2) gauge transformation,
where V (s) and V (s + µ) are the gauge functions located at the starting and end points of the link variable U µ (s). In this gauge, the absolute value of off-diagonal components U 1 µ (s) and U 1 µ (s) are forced to be small as possible using the gauge degrees of freedom.
In accordance with the Cartan decomposition, the SU(2) link variable
where u µ ∈ U(1) 3 and M µ ∈ SU(2)/U(1) 3 correspond to the diagonal part and the offdiagonal part of the gluon field, respectively. In the continuum limit, the angle variable θ 
with
Here, the parameter ranges are usually taken as
which provides the one-to-one correspondence to the SU(2) group element. Under the abelian gauge transformation with v(s) ∈ U(1) 3 , M µ (s) and u µ (s) are transformed as
to keep the form of Eq.(6) for M 
behaves as a abelian gauge field with respect to the residual abelian gauge symmetry.
As a remarkable feature of the MA gauge, the abelian dominance holds for the NP-QCD phenomena such as quark confinement and chiral-symmetry breaking [18] [19] [20] [21] The abelian-projected QCD (AP-QCD) includes not only the color-electric current j µ but also the color-magnetic monopole current k µ [14] . In the Maxwell equations with j µ and k µ , the field strength θ
Abel µν satisfies as
with * is defined by
which is U(1) 3 -gauge invariant. In the continuum limit a → 0, θ 
where the former part denotes the field strength and the latter part 2πn µν (s) ∈ 2πZ corresponds to the Dirac string on the lattice [22] . Thus, in the ordinary description [30] , the system includes the singularity as the Dirac string 2πn µν , which makes the analysis complicated.
To clarify the roles of j µ and k µ to the nonperturbative quantities of QCD, we consider the decomposition of AP-QCD into the photon part and the monopole part, corresponding to the separation of j µ and k µ . We call this separation into the photon and monopole parts as the "photon projection" and the "monopole projection", respectively [26, 31] .
In the lattice formalism, the photon part θ 
using the inverse d'Alembertian 2 −1 on the lattice [20, 32] . Here, 2 −1 is the non-local operator [22, 32] ,
which satisfies
The diagonal gluon component θ 3 µ (s) is found to be decomposed as
in the Landau gauge, ∂ µ θ 
on the lattice, respectively.
In the actual lattice QCD simulation, the monopole current k µ and the electric current j µ are slightly modified through the monopole and the photon projections, respectively, due to the numerical error on the lattice. However, these differences are negligibly small in the actual lattice QCD simulation. In fact, k As a remarkable fact, lattice QCD simulations show that nonperturbative quantities such as the string tension, the chiral condensate and instantons are almost reproduced only by the monopole part in the MA gauge, which is called as monopole dominance [23] [24] [25] [26] . On the other hand, the photon part dose not contribute these nonperturbative quantities in QCD.
Since we are interested in the NP-QCD phenomena, it is convenient and transparent to extract the relevant degrees of freedom for NP-QCD by removing irrelevant degrees of freedom like the off-diagonal gluons (θ 1 µ , θ 2 µ ) and the electric current j µ . Therefore, we concentrate ourselves to the monopole part, which keeps the essence of NP-QCD such as confinement, and we examine whether monopole condensation occurs or not. In other words, our aim is to investigate the feature of the monopole-current system appearing in the MA gauge.
III. DUAL GAUGE FORMALISM
In the MA gauge, the monopole part carries essence of the nonperturbative QCD like the electric confinement [20, [23] [24] [25] [26] [27] . Since the monopole part only includes the color-magnetic current k µ , i.e. j µ =0, the Maxwell equation in the monopole part becomes
where θ in QCD [28] .
The dual gluon field B µ is defined so as to satisfy the definition of the abelian gauge field,
which is the dual version of the ordinary relation, [29] . The interchange between A µ and B µ corresponds to the electro-magnetic duality transformation, H ↔ E.
Therefore, owing to the absence of j µ , the dual gauge field B µ can be introduced without the singularity like the Dirac string. In other words, the absence of j ν is automatically derived as the dual Bianchi identity,
Let us consider the derivation of the dual gauge field B µ from the monopole current k µ .
Taking the dual Landau gauge
becomes a simple form 2B µ = k µ . Therefore, the dual gluon field B µ (x) is obtained as
by using the inverse d'Alembertian 2 −1 [22, 32] . Here, the dual gauge formalism provides the natural description of the monopole part in terms of the monopole current k µ and the dual gluon B µ . Moreover, the dual gauge formalism is useful to examine the dual Higgs mechanism in QCD [28, 29] .
In the dual superconductor picture in QCD, k µ and B µ correspond to the Cooper-pair and the photon in the superconductor, respectively. The Cooper-pair and the photon are essential degrees of freedom which bring the superconductivity. In the superconductor, the 
which is the dual version of the abelian Wilson loop 
in a similar manner to the extraction of the inter-quark potential from the Wilson loop [4] [5] [6] [7] .
To summarize, starting from the monopole current k µ in the MA gauge, we have introduced the dual gluon field B µ and the dual Wilson loop for the investigation of the dual Higgs mechanism in QCD.
IV. INTER-MONOPOLE POTENTIAL AND DUAL GLUON EFFECTIVE MASS
In this section, we show the numerical result of the lattice QCD simulation. 
for large R and T , the inter-monopole potential becomes constant 2α in the infinite limit of
However, in the actual lattice calculation, we have to take a finite length of T , and hence, the linear part (2α/T )R remains as a lattice artifact. Therefore, it is necessary to subtract this As shown in Fig.4 , the inter-monopole potential can be fitted by the Yukawa potential V Y (r)
in the long distance region using the dual gluon mass m B = 0.5GeV and the gauge coupling e = 2.5.
Finally, we consider the possibility of the monopole size effect, because the monopole is expected to be a soliton like object composed of gluons. In fact, from the recent lattice QCD study, QCD monopoles include large off-diagonal gluons component in their internal region even in the MA gauge [29, 31, 33] . We introduce the effective size RM of the QCD-monopole, and assume the Gaussian-type distribution of the magnetic charge around its center,
Since the monopole part is an abelian system, simple superposition principle on B µ is applicable like the Maxwell equation. Therefore, the Yukawa-type potential V M (r) with the effective size RM of the monopole is expected to be
or equivalently
where r ≡ |x − y| is the distance between the two monopole centers. We apply this potential V (r; RM ) to the inter-monopole potential V M (r) in Fig.4 . The Yukawa-type potential V (r; RM ) with the effective monopole size RM = 0.21fm seems to fit the inter-monopole potential well in the whole region of the distance r.
Thus, we estimate the dual gluon mass m B ≃ 0.5GeV and the effective monopole size RM ≃ 0.2fm by evaluating the inter-monopole potential V M (r) from W D (R, T ) in the monopole part in the MA gauge. We find the effective mass acquirement of the dual gluon, which is essential for the dual Higgs mechanism in the dual superconductor scenario, and suggest that color confinement is caused by the monopole condensation in the QCD vacuum. The monopole size RM would provide the critical scale for the nonperturbative QCD in terms of the dual Higgs theory, because off-diagonal gluons contribute to the physics and AP-QCD should be modified at the shorter scale than RM , as well as the structure of the 't Hooft-Polyakov monopole [2] .
V. DUAL GLUON PROPAGATOR AND DUAL GLUON EFFECTIVE MASS
In the previous section, we estimate the dual gluon mass m B using the inter-monopole potential. The more detailed measurement of m B from the inter-monopole potential seems difficult because it requires the twice logarithmic-part procedure from the dual Wilson loop [28, 29] . As alternative method, we investigate the dual gluon mass m B through the dual gluon propagator in the lattice QCD.
A. Massive Gauge Field and its Propagator
In this subsection, we consider the general argument on the analytical relation between the massive gauge field and its propagator. To this end, we idealize here the dual gluon field B µ as a massive vector boson.
The lagrangian for the free massive vector field B µ in the Proca formalism is written as
in the Euclidean metric [4] . The Proca lagrangian Eq.(37) leads to the field equation [3] 
Taking the divergence of this equation, we find 
in the momentum representation [3] . The propagator G D µν (x) in the coordinate space is obtained by performing the Fourier transformation as
Here, we consider the scalar-type propagator, 
Here, we use the integration formula for the Bessel function J 1 (z),
and the formula for the modified Bessel function,
Using the asymptotic expansion
the scalar-type propagator Eq.(47) reduces to
at the long-range as r E > m We show in Figs.6,7 the lattice QCD data for the dual gluon correlations, ln{r
, as the function of the 4-dimensional Euclidean distance r E . In Fig.6 , the dual gluon correlation ln{r
(r E )} decreases linearly with r E in the region of r E > ∼ 0.8 fm.
We try to fit a straight line to the lattice QCD data of ln{r In Fig.7 , we show the scalar-type dual gluon propagator G 
and the dual gluon B µ seems to propagate as the massive vector field with m B ≃ 0.4 GeV.
On the other hand, in the short-distance region, G D µµ (r E ) seems to differ from the massive vector propagator. We speculate that such a short-distance deviation on G D µµ (r E ) is brought by the monopole-size effect, because the monopole is considered as a soliton-like object composed of gluons [28] .
In this way, we find the effective mass m B ≃ 0.4 GeV of the dual gluon B µ from the infrared behavior of the dual gluon propagator G 
VI. SUMMARY AND CONCLUDING REMARKS
In order to clarify the dual superconductor picture for the quark confinement mechanism in the QCD vacuum, we have studied the effective-mass acquirement of the dual gluon field, which is essential for the dual Higgs mechanism. In the maximally abelian (MA) gauge, QCD is reduced into an abelian gauge theory including both the color-electric current and the color-magnetic monopole current.
For the investigation of the dual Higgs mechanism by monopole condensation in QCD,
we have introduced the dual gluon field B µ and have studied its features in the monopole part (the monopole-current system) using the MA gauge in the lattice QCD Monte Carlo simulation. Owing to the absence of the electric current, the monopole part resembles the dual version of QED, and hence this system is naturally described by the dual gluon field B µ without meeting the difficulty on the Dirac-string singularity. In the dual gauge formalism, Figure 7
